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5281: Proposed by Arkady Alt, San Jose, CA

. a
For the sequence {ay, }n>1 defined recursively by a,4+1 = —np forneN,a1 =a >0,
n

1+a
o0
determine all positive real p for which the series Z ay, 18 convergent.
n=1

Solution 1 by Paolo Perfetti, Department of Mathematics, “Tor Vergata”
University, Rome, Italy

Answer: p < 1.

Proof: Since apy1 < an, an, — 0.
It follows that
Uny1 = ap — altt 4 a2t 4 O(ad3PT)

We employ the standard result of the exercise num.174 at page 38 of the book by G.
Pélya, G. Szegd, Problems and Theorems in Analysis, I.

Assume that 0 < f(z) < 2 and f(z) = 2 — az® + ba! + 2le(x), lim, 0 e(x) = 0, for
0 <z < xg where 1 < k <[ and a, b both positive. The sequence x,, defined by
Tni1 = f(xy,) satisfies

lim n'/® =Yg, = (a(k — 1))~V ED),

n—oo
In our case we have a =1, k=p+ 1, b=1, [ = 2p + 1. Thus the sequence satisfies

an = p PP 4 o(n=1/P)

and then the series converges if and only if p < 1.

Solution 2 by Kee-Wai Lau, Hong Kong, China

o0
We show that the series Z ay is convergent if 0 < p < 1 and divergent if > 1.

n=1
We assume in what follows that n € N. Clearly a, > 0 and by the given recursive

L
relation, we have a,+1 < a,. Therefore L = lim a,, exists and from [ =————, we see
n—00 1+ Lp
that L = 0. Inductively, we have

a
i1 = ——— (1)

ﬁ (1+ad})

By making use of the well-known inequality 1 + = < e® for > 0, we deduce from (1)
n

n D
that a > ae” 2 k-1 9% > 0. Since lim a =0, so a? is divergent. Now there
n+1 oo n+2 ) kZ:l k g
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exits kg € N, depending at most on a and p, such that ay, < 1 whenever k > ko Hence if

M
p > 1, then for any integer M > kg, we have Z ap > Z ak Thus Z ag is
k=ko+1 k=ko+1 k=+1

divergent.

1
We next consider the case 0 < p < 1. Let m = L—

J + 1, where | x| is the greatest
integer not exceeding z. By (1), for any n > m, we have

a a a

- < < )
Gra) “Ora) (@)m
m

0<apy1 <

n+1

so that

am! )1/(1+mp) < am! >1/(1+mp)
<|——— .
k) (

0<a <N\ =/
" ( (- n—m+1)"

m
It is easy to check that > 1, and so Z ay, is convergent.
14+ mp

n=1

This completes the solution.

Also solved by Ed Gray, Highland Beach, FL, and the proposer.
5282: Proposed by Ovidiu Furdwi, Technical University of Cluj-Napoca, Cluj-Napoca,
Romania

Calculate

[ (VT = VT (VT T )

Solution 1 by Anastasios Kotronis, Athens, Greece

Using the identity
ab=—-a+b>—a—107

witha=Inv1+z—+v1—zand b=1In+1+ x4+ /1 — 2 we have

»JkIP—‘

1
I = /xln\/1+x—\/1—xln\/1+a:+\/1—xda:
0

11—z
= 4/ zln? (22) 1+xdm

1-=z
1+
1+z
1— /1—x
1 /1 1 L
= —/ mln2(2x)d:z:——/ xlnzﬁdm
4 Jo 4 Jo 1—-x
14—
1+x

= I —Is.
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